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ABSTRACT 
An antenna configuration consisting of an arbitrarily 
located electric line source radiating in the presence of 
concentric metamaterial cylinders is examined. In 
particular, the near field, the directivity, and the 
differential scattering cross section are investigated for 
specific metamaterial structures, and these results are 
compared to those for the corresponding structures 
based on double-positive materials. It is shown that 
specific electrically small metamaterial structures 
possess radiation and scattering features that surpass 
those of the corresponding double-positive material 
structures.  
 
1. INTRODUCTION 
The electromagnetic properties of various classes of 
metamaterials (MTMs), such as double-negative (DNG) 
and single-negative (SNG) materials, and combinations 
of these with conventional double-positive (DPS) 
materials, have stimulated much recent interest in 
antenna and device applications. It has been shown that 
specific MTM-based structures have performance 
characteristics that significantly surpass those for 
structures based on DPS materials alone. In particular, 
the possibility of achieving highly sub-wavelength 
resonant structures, including waveguides, cavities, 
scatterers, and radiators, by clever arrangements of 
DPS, DNG, and/or SNG materials has been 
demonstrated, see [1] and the works referenced therein 
as well as [2]-[4]. Among the many interesting features, 
it has been shown that such structures, despite their 
electrically small sizes, exhibit significant 
enhancements of the total radiated power as well as 
their total scattering cross sections. 
In this work, an antenna configuration 
consisting of an arbitrarily located, infinitely long, 
electric line source (ELS) radiating in the presence of 
infinitely long concentric MTM circular cylinders is 
analysed. It is demonstrated that electrically small 
versions of these nested structures can be designed to be 
resonant with the procedures outlined in [3]. The near 
field, the two-dimensional directivity, and differential 
scattering cross section, henceforth referred to simply as 
the directivity and the cross section, respectively, of 
these resonant designs are examined; and their resonant 
enhancements, not present in their DPS counterparts, 
are illustrated. Moreover, it is shown that by positioning 
the ELS properly with respect to the interfaces between 
the cylinders, directive electrically small antennas and 
scatterers can be achieved. This work, in which the 
dipolar resonance is emphasized, is an extension of [3], 
where a detailed treatment of the scattering, rather than 
the antenna, configurations and figures of merit were 
presented.  Throughout this manuscript, the time factor 
)exp( tjω , withω being the angular frequency, and t  
being the time, is assumed and suppressed. 
 
2. CONFIGURATION AND THEORY 
While the details of the analytical solution, to which 
frequent reference is made in the following, can be 
found in [3], the main points are summarized below.  
The configuration of interest is depicted in 
Figure 1.  
 
 
Figure 1. The configuration: concentric MTM cylinders 
illuminated by an ELS. 
 
It consists of a pair of infinite, concentric, circular 
cylinders; i.e., a central core (region 1) of radius 1ρ , 
covered with a layer (region 2) of radius 2ρ , surrounded 
by free space (region 3). Regions 1 and 2 are composed 
of simple and lossless DPS, DNG, and/or SNG 
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 materials. Related results for dispersive MTMs have 
been presented in [3]. The structure is illuminated by an 
infinite ELS of constant electric current eI  [A]. The 
axes of the cylinders and the ELS, which can be located 
in any of the three regions, are parallel. Region i , with 
3 ,2 ,1=i , is characterized by a permittivity, iε , and a 
permeability, iµ , and the wave number iiik µεω= , 
where the branch of the square root is chosen such that 
0>ik in a DPS material ( 0,0 >> ii µε ), 0<ik  in a 
DNG material ( 0,0 << ii µε ), and 0}Im{ ≤ik in a SNG 
material (either iε  or iµ  is negative). A cylindrical 
coordinate system ( z,,ϕρ ) and the associated Cartesian 
coordinate system ( zyx ,, ) are introduced such that the 
z -axis coincides with the common axis of the 
cylinders. The coordinates of the observation point and 
the ELS are ( ϕρ, ) and ( ss ϕρ , ), respectively.  
The field generated by the ELS in an infinite 
medium characterized by iε , iµ , and ik  is given by the 
following well-known expansion in terms of cylindrical 
wave functions [5] 
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where )(⋅nJ  is the Bessel function of order n  and is 
chosen to represent the field for sρρ ≤  due to its non-
singular behavior at the origin, while )()2( ⋅nH  is the 
Hankel function of second kind and order n , and is 
chosen for sρρ ≥  because it represents an outward 
propagating wave that complies with the radiation 
condition. The symbol nε  is the Neumann number, i.e., 
1=nε  for 0=n , and 2=nε  otherwise. Furthermore, 
maxN is the truncation limit and is chosen to ensure 
convergence of the cylindrical wave expansions.   
The scattered field in the region containing the  
ELS and the total fields in the other regions are also 
expanded in terms of cylindrical wave functions. These 
fields involve unknown expansion coefficients that are 
found as a solution of the relation [2] 
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where [ ]nnnnn CCCCC 4321 ,,,=!  is the vector containing 
the four unknown coefficients associated with the fields 
in the three regions, and [ ]nnnnn 4321 ,,, ΛΛΛΛ=Λ!  is 
the excitation vector that depends on the location of the 
ELS. The matrix nM  is a 4-by-4 matrix that arises 
from the enforcement of the electromagnetic boundary 
conditions and, hence, depends on the values of the 
cylindrical waves at the two interfaces.  For brevity, the 
explicit forms of this matrix and the excitation vector 
are not included here.  
In [3], specific attention was devoted to a 
quantity referred to as the power ratio (PR), which is the 
ratio of the total power radiated by the ELS in the 
presence of MTM cylinders to the power radiated by the 
ELS in free space. In terms of the field expansion 
coefficients, the PR reads 
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Based on Eq. (3), large enhancements of the radiated 
power were found in [3] for specifically designed 
MTM-based structures. In the present manuscript, the 
analysis of these structures is continued for their 
directivity, D , which can be expressed as 
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Furthermore, when the ELS is in region 3, the cross 
section, dσ , defined by the square of the ratio of the 
magnitude of the scattered far field to the magnitude of 
the free-space incident field at the origin, given by 
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is investigated. In Eqs. (3) and (4), the quantity 
nsnn CkJ 43 )( += ρα  if the ELS is in region 3, 
while nn C4=α if the ELS is in any other region, with 
nC4 being the expansion coefficient for region 3. 
 
3. RESULTS AND DISCUSSION 
Next, numerical results for specific structures are 
presented and analysed. Only DPS and DNG materials 
are emphasized. Throughout the discussion, a structure 
is referred to by its properties in regions 1 and 2.  For 
instance, a DPS-DNG structure indicates that region 1 
(2) consists of a DPS (DNG) material.  
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  3.1 Introductory remarks 
The PR was thoroughly examined in [3] for specific 
resonant MTM-based structures, for which significant 
enhancements of the radiated power were found. In 
particular, the so-called dipolar and quadrupolar 
structures, i.e., those for which the dominant modes of 
radiation are 1=n  and 2=n , respectively, were 
studied. For a frequency of operation MHz 3000 =f , 
and the material parameters in various regions selected 
as 02031 , εεεεε ±===  and ,031 µµµ ==  
02 4µµ ±= , with 0ε  and 0µ  denoting the free-space 
permittivity and permeability, the geometrical 
parameters for the resonant dipolar structure where 
found to be mm 61 =ρ  and mm 03.102 =ρ 1.  The 
negative (positive) parameters in region 2 apply for a 
DNG (DPS) material. Thus, the specific antenna 
configurations under numerical investigation are a DNG 
or a DPS shell in the presence of arbitrarily located 
ELS. 
In Figs. 1 to 3, the PR is depicted as a function 
of the ELS location, sρ , in regions 1, 2, and 3, 
respectively (in the forthcoming results, the ELS is 
displaced along the −x axis to a distance sρ , i.e., its 
coordinates are ( o0, =ss ϕρ )). For the DPS-DNG 
structure, the largest PR occurs in all cases when the 
ELS is located close to either of the two surfaces of the 
DNG shell. For the ELS in region 1, the enhancements 
are diminished as the ELS is moved toward the origin 
and, as noted in [3], are completely lost when the ELS is 
at the origin or very close this. This is due to the fact 
that the 0=n (monopolar) mode increasingly dominates 
for smaller and smaller sρ values, and it is the only 
radiating mode when 0=sρ . For the ELS in region 3, 
the PR is decreasing for increasing sρ  values. For a 
majority of the ELS locations in region 2, large PRs are 
obtained. However, for mm 746076.7=sρ  no 
enhancement occurs. As will be demonstrated below via 
the near-field investigations, the monopolar mode is 
dominant in this case, and as shown in [2], no resonance 
can occur for the monopolar mode. It thus follows that 
in order to obtain the enhancements, the higher order 
modes need to be excited. In none of the electrically 
small cases does the corresponding DPS-DPS structure 
lead to any enhancements of the radiated power. 
 
3.2 Near field 
In Figs. 5 through 9, the quantity |),(|log20 10 ϕρE
"
, 
where E
!
denotes the total electric field normalized by 
                                                        
1 Here, only the resonant dipolar mode is considered, 
while the influence of e.g., the quadrupolar mode will 
be reported elsewhere. 
V/m 1 , is shown in a circular region of radius 23ρ  
(only the results for the DPS-DNG structure are shown 
since the corresponding DPS-DPS structure always 
yields a monopolar pattern). While Figs. 5-7 illustrate 
the field behaviour when the ELS is in region 1, Fig. 8 
does so when the ELS is in region 2. When the ELS is at 
mm 001.0=sρ , the near field has the monopolar form, 
see Fig. 5.  This confirms that for locations of the ELS 
close to the origin, the monopolar mode is dominant.  
As a consequence, no enhancement of the radiated 
 
Figure 2. PR as function of sρ . ELS is in region 1. 
 
Figure 3. PR as function of sρ . ELS is in region 2. 
 
Figure 4. PR as function of sρ . ELS is in region 3. 
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 power is expected for such ELS locations. In [3], the 
analytical solution revealed that only the monopolar 
mode radiates for 0=sρ . As the ELS is moved just 
slightly away from the origin, the monopolar mode is 
mixed with the dipolar mode, as confirmed by Fig. 6, 
which shows the near field for mm 125.0=sρ . Moving 
the ELS even further from the origin, e.g., to 
mm 1=sρ , leads to the near field shown in Fig. 7 that 
has a form, which is clearly dominated by the dipolar 
mode. At this ELS location an enhancement of some 
dB 8 of the radiated power is in evidence in Fig. 2. 
These dipolar mode enhancements become even more 
pronounced as the ELS is moved closer to the DNG 
shell, e.g., to mm 99.5=sρ , where the dipolar mode is 
excited most strongly. This stronger excitation of the 
dipolar mode as the ELS is moved closer to the DNG 
shell is also responsible for the reduction of the 
asymmetry in the total field, which is present in Fig. 7 
and is caused by the off-set nature of the ELS. 
 If the ELS is in one of the other regions, the 
near fields have a dipolar form when the ELS is located 
near the surfaces of the DNG shell. This indicates that 
the maximum radiated power shown in Figs. 2-4 is a 
result of the ELS exciting a resonant dipolar mode 
When the ELS is in region 3 and is moved further away 
from the DNG shell, the excitation of the dipolar mode 
is gradually suppressed for the range of sρ values 
investigated here, while that of the monopolar mode is 
increased. This explains the behaviour shown in Fig. 4. 
As revealed by Fig. 3, the PR of the resonant 
DPS-DNG structure is altered significantly as the ELS 
is moved through region 2. In particular, no 
enhancement is found for mm 746076.7=sρ . The near 
field for this particular location is depicted in Fig. 8 
where a clear monopolar form is observed for the 
observation points located farthest from the origin. 
Thus, the ability of the ELS to excite the dipolar mode 
in this resonant DPS-DNG structure changes 
significantly as it is moved though the DNG shell, and 
is, in fact lost, for that particular ELS location. The 
observation of the monopolar mode for 
mm 746076.7=sρ  is rather interesting since the 
present DPS-DNG structure was designed specifically 
to excite the dipolar mode as the dominant one. Its 
observation suggests that close to this ELS location the 
near field is a mixture of a dipolar and stronger 
monopolar mode, which results in the reduced 
 
Figure 5. Near field for mm 001.0=sρ . 
 
 
Figure 6. Near field for mm 125.0=sρ . 
 
Figure 7. Near field for mm 1=sρ . 
 
 
Figure 8. Near field for mm 746076.7=sρ  
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 enhancement of the radiated power observed in Fig. 3. 
Similar gradual transformations of the near field have 
been observed in Figs. 5 and 6 for the ELS locations 
close to the origin. These gradual transformations of the 
pattern as the ELS moves in different regions will be 
analysed further in Sec. 3.2. 
  
3.2 Directivity 
Figure 9 shows the directivity for a number of ELS 
locations for the DPS-DNG and DPS-DPS structures. 
For the DPS-DNG structure, the results are in very good 
agreement with the near-field results discussed above. 
In particular, close to the origin, i.e., for 
mm 001.0=sρ , the directivity is dominantly 
monopolar. However, for mm 125.0=sρ , the 
directivity has a form, which is a mixture of the 
monopolar and dipolar modes, with the former one 
being the dominant one. For mm 5.99 and 1=sρ , the 
directivity takes on the dipolar form, although not 
entirely symmetric. It is easily observed that the 
asymmetry in the pattern is reduced as the ELS is 
moved toward the DNG shell, this likewise being in 
agreement with the near field results. In comparison, the 
directivity of the corresponding DPS-DPS structure has 
a monopolar form, regardless of the ELS location. Thus, 
apart from enhanced PR values, the DPS-DNG structure 
provides one with the possibility of reshaping the 
pattern from the monopolar form to the dipolar one 
simply by changing the location of the ELS.  
When the ELS is in region 2, the distinctive directivities 
of the dipolar form are found for the DPS-DNG 
structure when the ELS is located near either of the 
interfaces of the DNG shell, while the directivity is 
perfectly monopolar for mm 746076.7=sρ .  This 
behaviour is illustrated in Fig. 10 and is in agreement 
with the PR and near-field results.  It is linked to the 
previously mentioned gradual transition from the 
dipolar to the monopolar and back to the dipolar mode 
of radiation, and is further illustrated in Fig. 11, where 
the directivity is given for various ELS locations 
slightly to the left and right of mm 746076.7=sρ .  For 
mm 5.7=sρ , the directivity takes on the dipolar form 
for which the main lobe is in the o180=ϕ  direction, 
while for mm 7.7=sρ , it is close to the monopolar 
form. This is also the case for mm 8.7=sρ , while for 
mm 8=sρ , the directivity again has a dipolar form but 
now with the main lobe in the o0=ϕ  direction. Thus, 
the main lobe of the recorded directivities of the dipolar 
form is in the same direction as the one in which the 
ELS is displaced from mm 746076.7=sρ .  In regards 
to these observations of asymmetry, one also notes that 
with the ELS being displaced along the x-axis, the 
patterns found on both sides of mm 746076.7=sρ are 
mirror images of each other with respect to the y-axis. 
The results of Figs. 10 and 11 clearly illustrate how the 
directivity is reshaped from the dipolar to monopolar, 
and back to the dipolar form, this being in agreement 
 
Figure 9. Directivity for DPS-DNG (1) and DPS-DPS 
(2) structures for various ELS locations in region 1. 
 
 
Figure 10. Directivity for the DPS-DNG structure for 
various ELS locations in region 2. 
 
 
Figure 11. Directivity for the DPS-DNG structure for 
various ELS locations around mm 746076.7=sρ . 
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 with Fig. 3. When the ELS is in region 3 at 1.10=sρ , 
20 15, and mm 30 respectively, the directivity takes on 
the dipolar forms shown in Fig. 13. Within the range of 
sρ values investigated here, more power is radiated in 
the o0=ϕ direction and the pattern becomes 
increasingly asymmetric as the ELS moves further away 
from the DNG shell. 
 
Figure 12. Directivity for the DPS-DNG structure for 
various ELS locations  in region 3. 
 
3.3 Cross section 
The cross section, given by Eq. (5), is depicted in Figs. 
13 and 14 for the DPS-DNG and DPS-DPS structures, 
respectively, for various locations of the ELS in region 
3. First, all of the patterns shown in Figs. 13 and 14 
have a dipolar form since the cross section only uses the 
scattered field terms.  Second, for all of the ELS 
locations considered, the cross section of the resonant 
DPS-DNG structure is found to be considerably larger 
than that of the corresponding DPS-DPS structure. This 
implies that the DPS-DNG structure at hand, although 
electrically very small, does exhibit characteristics 
generally associated to large scatterers. This is in 
agreement with the PR and the total scattering cross 
section results reported in [3]. 
 
4. SUMMARY AND CONCLUSIONS 
An antenna configuration consisting of an arbitrarily 
located ELS radiating in the presence of concentric 
MTM cylinders was examined. Significant 
enhancements of the radiated power, as compared to the 
power radiated in free space, were found for DNG-
based structures, while no enhancements were found for 
the corresponding DPS-based structures. These 
enhancements were shown to be related to the excitation 
of the resonant dipolar mode; a fact which was carefully 
verified with near-field investigations. Moreover, the 
directivity and the cross section were likewise 
investigated, and they were also found to exhibit 
enhancements for the DNG-based structures, while none 
were observed for the corresponding DPS-based 
structures. Furthermore, the possibility of pattern 
reshaping by a proper positioning of the ELS was 
demonstrated, thus suggesting the feasibility of 
controlling the directivity of electrically small MTM-
based antennas.  
 The effects of losses as well as the use of SNG 
materials will be reported elsewhere in the near future.  
 
 
Figure 13. Cross section for the DPS-DNG structure for 
various ELS locations. 
 
 
Figure 14. Cross section for the DPS-DPS structure for 
various ELS locations.  
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